A simple effective Hamiltonian for the electron-phonon coupling in the conjugated polymers is derived from the Su-Schrieffer-Heeger model with quantized lattice motions. Phonons correspond to lattice quantum fluctuations around the dimerized positions. Both acoustic and optical modes are considered. The energymomentum relation for the polaron is calculated variationally, with the aid of Lee-Low-Pines transformation. The discrete translational invariance of an ideal conjugated polymer is explicitly enforced. Analytical expression for the polaron effective mass m* is obtained. m* turns out to be, in general, much larger than the conduction-band effective mass. ͓S0163-1829͑97͒05920-1͔
the optically and dopant-induced absorption spectra, the SSH model is not likely to be as ideal for the study of the charge transport properties for some fundamental reasons discussed below. The SSH Hamiltonian itself has the usual discrete translational symmetry of a one-dimensional crystal. However, all the nonlinear excitations are not translationally invariant. In fact, the lattice positions are treated as configuration parameters, and the local deviations from perfect dimerization accompanied with all the excitations can happen around any one of the unit cells with equal total energies. In other words, the translational invariance of the system is broken and the ground state becomes infinitely degenerate, which implies a constant energy-momentum relation and infinite effective mass. In such a case, the crystal momentum is no longer a good quantum number to label those excitations, as it should be for a full quantum theory. The notion of polarons in such a context is quite different from the conventional sense as defined for the Fröhlich Hamiltonian mentioned above. 1, 2, 4 In particular, the polaron energy-momentum relation cannot even be defined for a theory without translational symmetry. However, the curvature of the energy-momentum relation is fundamental to the determination of the polaron effective mass, which in turn determines the polaron mobility. Even though the polaron effective mass is given based on purely classical kinetic energy considerations, 7, 8 it is not clear how it can be identified with the effective mass appearing in the mobility for a quantum theory. 4 After all, the classical mass obtained by Campbell et al. is not the same quantity as the quantummechanical mass we are considering, even if both models can be solved exactly. Consider the limit where the carbon atom mass goes to infinity. The classical mass, determined by the carbon atom motion, would go to infinity as well. On the other hand, the quantum-mechanical mass will go to the band mass ͑no renormalization͒. The reason for the latter is that at such a limit, the lattice does not respond to the electron, and it becomes rigid as experienced by the moving electrons. This feature is built in for our effective Hamiltonian. Further discussions on the difference between these two masses are postponed to the final section.
In this paper, we develop a fully quantum-mechanical and translationally invariant theory for the polaron problem in conjugated polymers. Starting with the SSH Hamiltonian with quantized lattice positions and momenta, we derive an effective Hamiltonian for a conduction electron interacting with phonons. It turns out that, unlike the polar coupling case, both the optical and acoustic phonon couplings are present and important. The total crystal momentum is conserved in such a Hamiltonian. A generalized Lee-Low-Pines transformation 1 is used to reduce the Hamiltonian to a subspace with particular total momentum. A variational method based on phonon coherent states is used to calculate the polaron energy spectrum. We obtain an analytical expression for the polaron effective mass. Numerical values are calculated for parameters suitable for polyacetylene.
In Sec. II, we derive the effective Hamiltonian. The polaron energy spectrum and the effective mass are calculated in Sec. III. We conclude with some critical remarks in the final section.
II. EFFECTIVE HAMILTONIAN
In order to derive the effective Hamiltonian for the polaron in conjugated polymers, we take cis-polyacetylene as an example, and start with the SSH Hamiltonian:
C n,s is the annihilation operator of electrons with spin s at site n, u n is the displacement of the carbon atom at site n, and p n is the conjugate momentum of u n . K is the spring constant for the bonds, M is the mass of the carbon atom plus side group ͑monomer͒. t nϩ1,n is the hopping integral and is given by
␣ is the electron-lattice coupling constant. u n and p n satisfy the canonical commutation relation ͓u n , p n ͔ϭiប.
In the ground state, the polymer chain is dimerized, 6 and the ground-state expectation values ū n of the lattice displacements u n are not zero. In order to cast this Hamiltonian into a more standard ''electron plus phonon plus interaction'' form, we rewrite H SSH in terms of v n , the shifts of the lattice positions u n around their ground-state expectation values ū n . After substituting the equation u n ϵū n ϩv n into H SSH , the Hamiltonian can be divided into three parts:
with
Note that v n 's are operators while ū n 's are c numbers. Due to dimerization, terms linear in the lattice fluctuations v n appear in both H el and H l . This linear dependence is only formal, and will soon disappear when we project our problem to the subspace of one conduction electron below. It is well known that, if the lattice positions u n are treated as c-number configuration parameters without dynamics, the ground-state lattice configuration is a perfectly dimerized chain. The configuration can be shown to be of the form u n c ϭwϩ(Ϫ1) n u, 9 where w and u can be explicitly calculated. The superscript ''c'' indicates classical. In a full quantum theory where u n , together with p n , are operators, the ground-state expectation value ū n is not simply equal to u n c in general. 10 In fact, there is no way to calculate u n exactly beforehand, and then proceed our development afterwards. Therefore, we need to determine ū n self-consistently by the requirement that, after making the projection into the subspace of one conduction electron, no linear terms in v n are left in the lattice part of the effective Hamiltonian. We remark that the ū n thus determined is not the exact bond position, but a part of our approximations. The expansion of v n in terms the usual phonon operators makes sense only if this requirement is fulfilled. It turns out that the correct choice of ū n is exactly equal to u n c in such a self-consistency scheme:
Therefore, the electronic part of the Hamiltonian H e becomes 
͑7͒
a is the lattice constant before dimerization. For later use, we also define another quantity,
. In order to make a tractable theory, we truncate the electronic sector of the Hilbert space by keeping only the lowlying states. The error introduced is believed to be very small, as explained below. We choose the basis as the eigenstates of the electronic Hamiltonian H e without interaction with the lattice. Then we compute the matrix elements of the interaction Hamiltonian H el among these eigenstates. Without interaction, the electron part of the Hamiltonian is that of a perfect rigid chain with two bands. In the polaron problem, we are concerned with the one extra conduction electron injected from outside. In other words, the total number of electrons is equal to the total number of carbon atoms plus one. Equivalently, the number of electrons in the conduction band is one more than the number of holes in the valence band. Therefore, the eigenstates of H e fall into groups: one ͑con-duction͒ electron, no hole group, two electrons, one hole group, and three electrons, two holes group, etc. These groups all together form a complete set of the system, and no approximation is made so far. We truncate the Hilbert space by keeping only the first group. This is expected to be a very good approximation since we are interested in the ground state ͑zero momentum͒ and lowest excited states ͑small momentum͒. The states in the other groups are higher in energy than the first group by a multiple of the band gap, and are, therefore, not likely to contribute significantly to the exact low-energy spectrum. This truncated Hilbert space is spanned by the basis vectors ͉k,s͘ϵc ks,c † ͉0͘, where the ground state of H e is denoted by ͉0͘, in which all the valence-band states are filled, and all the conduction-band states are empty. In the following, we derive the representation of the total Hamiltonian in this subspace by calculating the matrix elements ͗kЈsЈ͉H SSH ͉ks͘, which can be simply written in the form ͗kЈ͉H SSH ͉k͘␦ s Ј s . The spin part is omitted in the following.
The representation of the electronic part of the Hamiltonian is ͗k͉H e ͉kЈ͘ϭ ck ␦ k Ј ,k .
͑8͒
In order to calculate the matrix elements of H el , we need the matrix elements of C nϩ1,s † C n,s ϩC n,s † C nϩ1,s , which turn out to be
͑10͒
N is the total number carbon atoms in the chain. Using the relation
the terms linear in v nϩ1 Ϫv n in H l and H el are all canceled with each other as expected. In fact, the above relation is exactly the condition that the total energy is minimized by the ͑classical͒ lattice configuration ū n . 12 Collecting everything together, the representation of the total Hamiltonian becomes
The three lines on the right-hand side of Eq. ͑12͒ are referred to as H e kЈk , H p kЈk , and H ep kЈk , respectively. e and p denote electron and phonon, respectively. The next step is to expand v n and p n in terms of the standard phonon creation and annihilation operators:
and rewrite the Hamiltonian in the standard ''electron plus phonon plus interaction'' form. Here the integer m is the index for unit cells, which now contain two carbon atoms due to dimerization. iϭ1,2 is the index for the two atoms within a unit cell. 
For small k and kЈ, the above electron-phonon interaction part of the Hamiltonian reduces to a simple form:
Finally, in the representation of the position operator x and momentum operator p of the conduction electron, the effective total Hamiltonian becomes and
Here ⌬ is the Peierls half band gap. 12 m B ϭប 2 ⌬/(2at 0 ) 2 is the conduction-band effective mass. x and p satisfy the canonical commutation relation ͓x, p͔ϭiប. Note that the q dependence of the optical phonon coupling constant U q is quite different from the one in the Fröhlich Hamiltonian, in which U q ϳ1/͉q͉. This is anticipated because, as stressed in the Introduction, the origin of the electron-phonon coupling in a conjugated polymer is of deformation origin, instead of the polar origin as in the Fröhlich Hamiltonian. Even though the acoustic coupling constant V q vanishes as the momentum transfer q goes to zero, there is no reason for us to ignore the acoustic coupling altogether, since finite q's contribute to the polaron state as well. In fact, we find in the following calculations that the contribution from the acoustic phonons to the polaron effective mass is about the same order as the optical phonons in some cases. Note that A, V q , and U q all go to zero as the monomer mass M goes to infinity. Electrons and phonons are then decoupled, as claimed in the Introduction.
III. POLARON ENERGY SPECTRUM, EFFECTIVE MASS
We make the Lee-Low-Pines unitary transformation 1 on our effective Hamiltonian H :
P is the total crystal momentum of the polaron. The transformed Hamiltonian H becomes
͑19͒
The polaron energy spectrum E( P) is the ground-state energy of H for given P. In the following, we make a variational calculation of the ground-state energy based on coherent phonon wave functions
where ͉⌿ 0 ͘ is the state without any phonon. f (k) and g(k)
are adjusted such that the energy expectation value ͗⌿͉H͉⌿͘ is minimized. In terms of the trial functions f (k) and g(k), the ground-state energy expectation value ͗⌿͉H͉⌿͘ is given by
͑21͒
Performing the variation
we obtain both f (k) and g(k), and the variational groundstate energy E( P). The result is
where
The parameter is determined by the implicit equation
After some algebra, we obtain
m* is, by definition, the effective mass of the polarons. We express our final results in terms of two dimensionless quantities and , defined as
The constant part of the energy is given by
Note that the denominator បͱ2K/M on the left-hand side of Eq. ͑25͒ is the optical phonon energy at zero wave number. The function F() is defined by the integral
Finally, the polaron effective mass m* is given by
where m B is the band mass for a rigid lattice and 0 is the limit of (P) as P goes to zero, which is equal to 0 ϭ ͑ 9/ ͓͒1ϩ͑ /9͒2
The numerical values of the dimensionless quantities and depend on the parameters a, t 0 , t 1 , ␣, K, and M suitable for the particular conjugated polymers under considerations. For small , we plot the behavior of the ratios m*/m B and E 0 /ប 2 . In Fig. 1͑a͒ , the effect of the coupling constant ␣ is shown. As ␣ increases, ϳ␣ 2 , while remains constant. m*/m B are therefore plotted as a function of for various fixed 's. In Fig. 1͑b͒ , we examine the effect of the monomer mass M . As M increases, ϳͱM , while remains fixed. The behavior of the two ratios for various values of are plotted as a function of 2 (ϳM ). When Ӷ1 and ӷ1, the expression for m*/m B can be further simplified to
. ͑30͒
For polyacetylene, we use the following values of the parameters: aϭ1.22 Å, t 0 ϭ2.5 eV, ␣ϭ4.1 eV/Å, and Kϭ21 eV/Å 2 . 8 For such values, ⌬ϭ0.86 eV and m B ϭ0.18m e . The carbon atom mass is used for M . The results are ϭ30.7 and ϭ9.53ϫ10 Ϫ3 . After substituting and into Eqs. ͑27͒ and ͑28͒, we obtain m*/m B ϭ66.7, and E 0 /ប 2 (0) ϭϪ1.65. The absolute magnitudes of the effective mass m* and the constant E 0 are m*ϭ11.7m e , and E 0 ϭ0.45 eV. m e is the free-electron mass. m* is about four times larger than the classical mass obtained by Campbell and co-workers. 8 Note that we use the renormalized value of the force constant K ͑21 eV/Å 2 ), instead of the bare value ͑46 eV/Å 2 ), 12 because we did not explicitly consider the Coulomb interactions. However, m* turns out to be an exponentially decreasing function of K, and is very sensitive to the degree of renormalization by the Coulomb interaction. A comment on the M →ϱ limit seems appropriate at this point. From Eqs. ͑14͒, ͑15͒, and ͑16͒, we can easily see that there should be no mass renormalizaion at such a limit. In fact, we find that if P is held constant when M goes to infinity, E( P,M ) in Eq. ͑22͒ approaches P 2 /2m B exactly. However, the resulting m*/m B in Eq. ͑28͒ does not approach one. It turns out that this is only a rather subtle artifact. More detailed analysis shows that the series expansion of E( P,M ) in Eq. ͑25͒ is convergent only when P is smaller than a critical value P c (M ). For PϾ P c (M ) there is a range of P where Lee-Low-Pines variational scheme seems to break down since there is no solution for the self-consistency equation ͑23͒. For even greater P, E( P,M ) quickly recovers to P 2 /2m B . Most importantly, P c (M ) approaches zero as M →ϱ. We expect that E( P,M ) crosses over from P 2 /2m* to P 2 /2m B around P c (M ), if the calculation could be carried out exactly. In such a case, as long as the momentum of the electron is much larger than P c (M ) ͑which is always true for M →ϱ), the mass is the same as if it were equal to m B . However, in the above formula, the mass is defined by small P for which the expansion in Eq. ͑25͒ is valid.
IV. SUMMARY AND DISCUSSIONS
Starting from the SSH Hamiltonian with fully quantized electron and lattice degrees of freedom, we derive an effective Hamiltonian for the electron-phonon coupling in the one-conduction-electron subspace. Unlike the Fröhlich Hamiltonian for polar crystals, coupling to both acoustic and optical phonons is present for conjugated polymers. We perform the Lee-Low-Pines transformation and make a variational calculation on the polaron energy spectrum. Analytical results are obtained for the polaron effective mass m*. For polyacetylene, the ratio between m* and the electron band mass turns out to be quite large. In other words, the phonon cloud accompanying the conduction electron overwhelms the effective mass of the electron itself. However, the absolute value of m* is only slightly larger than the effective mass of conduction electrons in conventional inorganic semiconductors such as GaAs. Such effective mass implies that the polarons are quite mobile in polymer samples with high quality and reasonable mean free time. For polymers other than polyacetylene, we can easily get the approximate values of their polaron effective mass by the relation m*/m B ϳϳ␣
, which is true for Ӷ1. In words, the polaron mass becomes larger for stronger coupling constant ␣, heavier ion mass M , or softer spring constant K, as expected physically. The condition on is true for the physical range of the parameters. Even though some measurements on the polaron mobility do exist, 14 our assertion on the magnitude of the effective mass is difficult to judge experimentally at this moment, since the bulk mobility is strongly influenced by the interchain hopping which is not considered in our model for an ideal infinite chain. Moreover, to our knowledge, no reliable data on the carrier mean free time exist due to poor material quality.
The question of whether our quantum-mechanical mass or the classical mass obtained by Campbell and co-workers 7, 8 is more relevant to the mobility still remains. We think that as long as the translational symmetry is not broken, our result is more reliable. However, when the symmetry is broken and the electron becomes localized, the classical picture seems closer to the real situation. Translational symmetry breaking can be caused by any form of disorder. Even for ideal systems without disorder, for strong ␣, ''self-trapping'' accompanied by a spontaneous breaking of translational invariance cannot be ruled out for infinite systems. 15 Such symmetry breaking would imply the divergence of m*, as mentioned in the Introduction. The variational calculation based on coherent states is not expected to be applicable near the regime of ''self-trapping.''
The Coulomb interaction among electrons is only partially included by using the renormalized parameters, and not explicitly considered. This is justified because there is no hole in the valence band. The Coulomb interaction should be important in the case of the ''exciton polaron,'' where one electron-hole pair is interacting with the phonons.
We conclude with a brief remark on the validity of the Lee-Low-Pines variational scheme ͑LLP͒. We confess that, without data from more reliable variational calculations, any quantitative estimate of the validity of LLP in our model is very difficult. However, some estimates on the LLP validity for the rather similar Holstein model do exist. 15 The only major difference between these two models is the type of electron-lattice coupling. We can only rely on the analogy and make identifications of the parameters between our model and the Holstein model, and hope that their result provides a reasonable guide for us. Two dimensionless parameters are used by Magna et al.: ␥ϭប/J, and ϭ 2 /2បJ, where is the optical phonon frequency, J is the electron hopping integral, and is the coupling constant.
We make the following identifications: ͱNA→, t 0 →J, 2 (0)→. It turns out that for polyacetylene ͑see above for parameter values͒, ␥ϭ0.22,ϭ0.18. Fortunately, these values fall well inside the range of validity for LLP in the Holstein model ͓Ͻ0.75 for ␥ϭ0.22 ͑Ref. 15͔͒. If the coupling type does not cause too much difference on the energy scale, our result should be valid. to . The auxiliary parameter is shown instead ͑lower three curves͒. ͑b͒ The effects of the increase of the monomer mass on the polaron mass ͑upper three curves͒ and ground-state energy renormalization ͑lower three curves͒ are shown ͓see Eqs. ͑27͒ and ͑28͔͒.
